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Abstract 

We construct bosonic string theories, RNS string theories and heterotic string the- 
ories on flat supermanifolds. For these string theories, we show cancellations of the 
central charges and modular invariance. Bosonic string theories on supermanifolds 
have dimensions {Db,Dp) = (26,0), (28,2), (30,4), ■ ■ - , where Db and Dp are the 
numbers of bosonic coordinates and fermionic coordinates, respectively. We show 
that in type II string theories the one loop vacuum amplitudes vanish. From this 
result, we can suggest the existence of supersymmetry on supermanifolds. As ex- 
amples of the heterotic string theories, we construct those whose massless spectra 
are related to = 1 supergravity theories and = 1 super Yang-Mills theories 
with orthosymplectic supergroups on the bosonic fiat 10 dimensional Minkowski 
space. Also, we construct D-branes on supermanifolds and compute tensions of 
the D-branes. We show that the number of fermionic coordinates contributes to 
the tensions of the D-branes as an inverse power of the contribution of bosonic 
coordinates. Moreover, we find some configurations of two D-branes which satisfy 
the BPS-like no-force conditions if i/^ — i/^? = 0, 4 and 8, where ub and up are the 
numbers of Dirichlet-Neumann directions in the bosonic coordinates and in the 
fermionic coordinates, respectively. 
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1 Introduction 



Recently Witten introduced twistor string theory as a B-twisted topological string theory 
on a supermanifold, supertwistor space CP'^'''[lj. Topological string theories on superman- 
ifolds are generally defined by twisting the non-linear sigma models on Kahler supermani- 
folds, though the Kahler supermanifolds should be Calabi-Yau supermanifolds so that the 
topological B models are well-defined. Twistor string theory is related to the conformal 
supergravity and super Yang-Mills theory in four dimensional space by use of the Penrose 
transformation pP j2] . Also, twistor string theory suggests a powerful prescription for com- 
puting amplitudes of Yang-Mills theory concretely. Moreover, topological string theories on 
other supermanifolds such as toric supermanifolds were introduced and the mirror symme- 
try between supermanifolds were studied j3] jlj Thus, it is interesting to study string 
theories on supermanifolds and to find a beautiful structure beyond the case of bosonic 
manifolds. 

Also, it is well-known that the partition functions of the topological string theories on 
bosonic manifolds are equivalent to the topological amplitudes of the type II superstring 
theory [H] [7]. Topological amplitudes are the specific amplitudes of type II superstring 
theory with anti-selfdual gravitons and anti-selfdual graviphotons. Therefore, it would be 
natural to ask whether we can construct string theories on supermanifolds which are related 
to topological string theories on supermanifolds. Here, as a first step we construct string 
theories on fiat supermanifolds by following the techniques of usual string theories on a 
fiat Minkowski bosonic manifold [H] 0- Though it would also be very interesting to check 
whether the topological string theories on supermanifolds are related to the type II string 
theories on supermanifolds, which will be constructed later, we do not discuss it in this 
paper. 
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Fig. 1: The relation between type II string theory and topological string theory on bosonic manifolds and 
supermanifolds . 

In this paper, we study string theories on fiat supermanifolds. We construct bosonic 
string theories, type II, type 0, type I string theories and heterotic string theories on fiat 
supermanifolds. For these string theories, we show cancellations of the central charges 
and modular invariance. We find that the bosonic string theories on supermanifolds have 
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the dimensions {Db,Df) =(26, 0),(28, 2),(30, 4), ■ ■ ■ , where Db and Dp are the numbers 
of bosonic coordinates and fermionic coordinates, respectively. For type II, type I and 
heterotic string theories on supermanifolds, we show that the one loop vacuum amplitudes 
vanish. This may suggest supersymmetry on supermanifolds. Moreover, we can construct 
many kinds of heterotic string theories on supermanifolds, which are modular invariant and 
have vanishing one loop vacuum amplitudes. As examples, we construct the heterotic string 
theories whose massless spectra are related to = 1 supergravity theory and = 1 super 
Yang-Mills theory with supergroups Osp{2D^ — 20\2Dp) on the bosonic flat 10 dimensional 
Minkowski space. 




Fig. 2: A one loop vacuum amplitude of an open string with one end on each D-brane in the open string 
channel. Also this is an exchange of a closed string between two D-branes in the closed string channel. 

In PU] , Polchinski showed that D-branes with RR charges have to exist as non-perturbative 
objects in string theory. The D-branes are constructed by imposing the Dirichlet boundary 
conditions and the endpoints of open strings can be attached to the D-branes. See [TT] 
for reviews. The force between two branes was computed both in the open string channel 
and in the closed string channel, and the BPS no-force configurations of two D-branes were 
found P2] QD] ^ni- Also, recently Witten introduced Dl-branes in twistor string theory 
jl], and also D-branes in topological string theory on other supermanifolds were studied in 
13]. In this paper, we construct D-branes in the bosonic string theories and in the type II 
string theories on supermanifolds. The forces between two D-branes are computed both in 
the open string channel and in the closed string channel (Fig|2I). From these results, we 
can obtain tensions of the D-branes and we show that the number of fermionic coordinates 
contributes to the tensions of the D-branes as an inverse power of the contribution of bosonic 
coordinates to the tensions. In the type II string theories, we find some configurations of 
two D-branes which satisfy the BPS-like no-force conditions if z/^ — = 0,4 and 8. Here 
ub and up are the numbers of Dirichlet-Neumann directions in the bosonic coordinates and 
in the fermionic coordinates, respectively. 

The organization of this paper is as follows. In section 2, bosonic string theories on fiat 
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supermanifolds are introduced. We show cancellations of the central charges and modular 
invariance. In section 3, we consider RNS string theories and heterotic string theories on 
supermanifolds. We study the GSO projections in order to construct type II theories and 
type theories on supermanifolds. Moreover, we study type I theories and heterotic string 
theories. In section 4, we construct the D-branes in the bosonic string theories and in the 
type II string theories on supermanifolds. Boundary states are constructed, and the annulus 
amplitudes are computed both in the open string channel and in the closed string channel 
to determine tensions of D-branes. Section 5 includes conclusion and discussion. We mainly 
obey the notations of the Polchinski's books 9J. 



2 Bosonic String Theories on Flat Supermanifolds 

We construct bosonic string theories on fiat supermanifolds in the same way as bosonic 
string theory on the flat bosonic manifold jH] [SI- For the definition of supermanifolds, we 
refer to fl], for example. As in the papers PP [Sj the actions of the string theories on 
supermanifolds include the bosonic coordinates X^^ and the fermionic coordinates Q^. Here 
the labels /x and A run from to — 1 and from 1 to Dp-, respectively, where Dp is an even 
number. We denote the dimension of the bosonic directions by Db and the dimension of the 
fermionic directions hy Dp- Later, these dimensions will be determined by the cancellations 
of the central charges. The Nambu-Goto action on supermanifolds is 

S = --^ / drdaJ-dei {da^Pd^^QCqp), (1) 
l-Ka' Jm ^ 

where M is the worldsheet, r and a are the worldsheet coordinates, and the indices a,b = 
T, a. The coordinates are {X^, Q^), and the labels P and Q run over {fx, A). The metric 
on supermanifolds is denoted by Gpq. The indices of the fields $^ are raised and lowered 
with the metric Gpg as follows; 

$P = $« G'op = GpQ 

$^ = G^Q $Q = (-1)1^^1101 $Q G"3^, (2) 

where |P| = for the bosonic coordinates and \P\ = 1 for the fermionic coordinates. 
The Polyakov action on fiat supermanifolds is 

s = / dh (dx^Bx. - ide^Be^GBA) ■ (3) 

2na J 

Here we denote the Minkowski metric of the bosonic directions by rj'^'^ and the metric of 
the fermionic directions by Gab, which is defined by Gaa-i = —Ga~ia = 1 for all even 
numbers A and the others are zero. For example, G21 = —G12 = 1 and G^^ = —G^"^ = 1. 
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From the equations of motion, we can write the mode expansions for open strings. 

= - zay log \z\^ + i ' — ('^~" + ^~") ' (4) 



m 

m^O 



Q^ = 9^- la'w^ log + z f- V y ^ (z-^ + z-™) . (5) 

The zero modes are written as — V 2a'p^ and /3q = ^/2a'w^. Also, the operator product 
expansions for the coordinates and G"^ are determined as 

n' 

X^{z,)X''{z2) -r/^^ log 1^121', (6) 

e^{zi)e''{z2) z^G^^logl^isp. (7) 

From these operator product expansions, we find the commutators 



(9) 
(10) 

(11) 

The energy-momentum tensor is defined as the variation of the action Q with respect to 
the worldsheet metric. The holomorphic part T{z) = T^ziz) is 

T{z) = --dX^dX^ + ^ dQ^dQ'^GBA. (12) 
a a 

Here the central charges for these conformal field theories can be computed by use of the 
operator product expansions (jHI) ^ and the energy- momentum tensor (fT^ . We compute 
only the fermionic parts since the computation for the bosonic parts is well-known 

T{z)T{z') = - -.de^dQ^'GBA- - -.dQ^dQ^'GDc- 
a' a' 
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exp 1 -^l^G J d zid ^2 log 12121 
X exp ( — z— G^"' [ (i^Z3rf^2;4 log 12:34^ 



X ( - 1 : ae^ae^GsA : : dQ^dQ^Goc ■ 
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GEF r^IJ 



BA'-^DC 



X [(-G',^)(-G'/)(-G^^)G^^ + G'/(-G/)(-G's^)G^^] 

+7:r^^(^') + T-^^n^')- (13) 



2{z-z'Y {z-z'Y ^ ' {z-z') 

Therefore we can see that the central charges of the fermionic parts are G'^a = —Dp. Also 
the ghost parts are the same as in the case of usual string theories on the flat bosonic 
manifold. After summing up the bosonic parts, the fermionic parts and the ghost parts, the 
central charges of these conformal field theories are Db — Dp — 26. The conditions that the 
central charges of these theories vanish are 

Db-Df = 26. (14) 

This equation determines the critical dimensions {Db,Df). For example, {Db,Df) = 
(26, 0), (28, 2), (30, 4), • • • . The Virasoro generators L„ for nonzero integers n are defined by 

^ 2 ^ «n-m«Mm ~^Y1 l^n-mPAm- (15) 
m m 

The Virasoro generator Lq is 

oo oo 

Lq = a'p^ + ^ a'trnOif.m - ia'w^WA - i ^ P-mPAm - 1- (16) 
m=l m=l 

The zero point energy —1 is the same as the bosonic string on the flat bosonic manifold 
because the contributions from extra bosonic coordinates and those from fermionic coordi- 
nates are canceled. We can see that these Virasoro generators satisfy the Virasoro algebra. 
Also, it is easy to study the closed strings of the bosonic string theories on supermanifolds 
similarly. 

Next we study the physical states by using the method of the old covariant quantization. 
Firstly the spectra of open strings, especially the ground states and the massless states, are 
discussed. In this paper, we call m as 'mass', where m is defined by the on-shell condition; 

- iw^WA + = 0. (17) 

The ground state \0;p,w) depends on the momenta p'^ and on supermanifolds. The 
ground state obeys the Virasoro condition: 

Lo\0;p,w) ^ [a'p"^ - ia'w'^WA - l) |0;p, w) = 0. (18) 
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This equation means that the ground state is a tachyonic state. Also we can construct the 
vertex operators Kachyon(P5 w^) for the tachyonic ground state. 

V^tachyon = e^^'^^'^e'""®-. (19) 

Next the massless states |e, f;p, w) are given by 

\ej;p,w) = {e^a.i^ + f^(3.iA)\0;p,w). (20) 

Here we use the Grassmann even coefficients and the Grassmann odd coefficients f"^. 
The Virasoro conditions for the massless states are 

Lo\e,f]p,w) = {a'p^ - ia'w'^WA)\e, f;p,w) = 0, (21) 

L,\eJ;p,w) = {2af{e^p^ + f^WA)\0;p,w) = 0, (22) 

\e,f;p,w) ~ \ej;p,w) + L^i\0;p,w) 

= \e,f;p,w) + {2af {p^af,^i-iw'^PA^i)\0;p,w). (23) 

These equations mean that massless states are gauge fields on supermanifolds. Also we can 
construct the vertex operator V^auge corresponding to the massless states. 

W = {e^dX^ + f^dQA) e^P^^-e'""®-. (24) 

Similarly we can study the spectra of closed strings, which include tachyonic ground states 
and massless states. The massless states are a graviton, an antisymmetric two-form field and 
a dilaton on supermanifolds. One can see that the effective actions for the bosonic string 
theories on supermanifolds include Yang-Mills theory and gravity theory on supermanifolds 
by use of the cubic string field theory and the /9-function in a curved background. The 
actions can be written simply by adding fermionic coordinates to the Yang-Mills theory 
and gravity theory on bosonic manifolds. For example, the action of the gravity theory on 
supermanifolds is 

S = j d^B^ d^^e^/^ R, (25) 

where G is the superdeterminant of the metric Gpq on supermanifolds and R is the Ricci 
scalar for the metric Gpq jT3]. 

We discuss the norms of the physical states. Here we simply denote the tachyonic ground 
states by |0) whose momenta are omitted. For example, we consider the excitations of 
for all non- negative integers n and A = 1,2. From ()11|). the operators (3^^ anticommutate 
with each other. So, four states for a non-negative integer n are 

|0), ^{^(3'.n + P-n)\0), -^{^f3'.r^-f3-n)\0), ^(3'-nP-n\0) ■ (26) 
The norms for these states are 

^{0\{-t(3l + i3l){t(3l„+(3\)\0) = -n(0|0), (27) 

^(^0\ {-z(3l - - (3'_^) \0) = n(0|0), (28) 

{0\ imP'-nP'-n) m = -n'{0\0). (29) 
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Therefore, just half of the physical states have negative norms and the other physical states 
have positive norms. From this result, we can see that the string theories on supermanifolds 
are non-unitary theories. 

Finally we study the one loop vacuum amplitudes of the oriented closed strings for these 
string theories. The moduli parameters on the torus are denoted by r = ti + iT2 and q 
is defined as exp(27rzr). The torus amplitudes are given by the Coleman- Weinberg 
formula; 



Jfo 4^2 ; (27r)^s J 



Here Fq is the fundamental region and Fj is the number of the space-time Grassmann odd 
fields. is the closed string Hilbert space excluding the ghosts, the /i = 0, 1 oscillators, 
and the noncompact momenta. The masses rrij are the eigenvalues of the Hamiltonian H 
for the Hilbert space H^: 

oo oo 

-f^= ^aim"im-^X^/?-m/^Am- 1- (31) 
m=l m=l 

Here j = 2, 3, ■ ■ ■ , Db — 1. The bosonic coordinate part Zxij) of the partition functions is 

oo 

Zx(r) = (gg)"^JJ J] quN^^^N^^ 

(oo 
n (1 - (1 - 

= \vir)\-'. (32) 
The fermionic coordinate part Zq{t) is 

1 

Zeir) = (gg-)+^n E (-g)'^^-"(-g)'^^^" 

(OO 
n (1 - qi (1 - r 
n=l 

= \vir)\'. (33) 
After integrating over the momenta, the one loop vacuum amplitudes turns out to be 

Zt^ = I ^^{A.^a'r,r'^ Z^^'\r)Z^^ir) 

= ^(47rV) ^ / (r2|77(r)r) ^ . (34) 



From these results, we can see that the modular parameter dependent parts of the one loop 
vacuum amplitudes are completely determined hj Db — Dp, which has to be 26 from (fT^ . 
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In conclusion, the bosonic string theories on supermanifolds with vanishing central charges 
are modular invariant. 

Anywhere in this paper, we compute amplitudes per unit volume. All string amplitudes 
are proportional to VbVf, where Vb and Vp are the volume of the bosonic directions and the 
fermionic directions, respectively. Usually, Vb is regularized if we consider a compact space 
instead of the non-compact space. We expect that Vp can be regularized to a non-zero finite 
volume, if we use the noncommutativity of the fermionic coordinates and the heat kernel 
method, for example. 

Also, we can study open string similarly. For open string, we introduce the Chan-Paton 
factor, which induces non Abelian gauge groups. When the open string and the unoriented 
closed string are considered, the non-zero one loop vacuum amplitude shows that a tadpole 
exists. In the case of the open string theory on supermanifolds, one can compute the one 
loop vacuum amplitudes similarly, and these amplitudes are mostly equal to the one loop 
vacuum amplitudes in the case of the bosonic manifold. Therefore, we can see that the 
tadpole is canceled as usual if the gauge group is S0{2^^). 



3 RNS String Theories and Heterotic String Theories on Flat 
Supermanifolds 

It is well-known that there are five superstring theories on 10 dimensional bosonic manifolds; 
type II AB, type I and heterotic SO{32) and Es x Es superstring theories. Here we construct 
the type II, type I and heterotic string theories on supermanifolds. We show the physical 
spectra, the cancellations of central charges and modular invariance. 

3.1 Type II String Theories on Flat Supermanifolds 

In order to construct RNS string theories on supermanifolds, superpartners on the world- 
sheet are introduced. The superpartners of the fields X'* are denoted by ip^ and ■0'*. The 
superpartners of the fields ©"^ are denoted by and p^. The actions for the RNS string 
theories are written as 



S 




(35) 



8 



Prom this action, the operator product expansions are 



r{z)r{o) — , (36) 

z 

riz)rio) ~ (37) 

z 

■ r<AB 

p^{z)p^{0) ~ (38) 
z 

~p\-z)P^{^) ^ (39) 
z 



The mode expansions of these fields are 

^'(^) = E ^'(^") = E (40) 

Here z/ and 9 labels the Ramond and Neveu-Schwarz sectors. The fields with u — and 
I' — ^ are the Ramond fields and Neveu-Schwarz fields, respectively. In a similar way, the 
fields with z> are defined. The commutators for these operators are 

{V^^Vr} = V^^Ss+tfi, (42) 

W,rs} = v'"'Ss-,t,o. (43) 

[pf:Pf] = ^G'^^W> (44) 

[pfrpf] = iG^^5^^s,o. (45) 
The energy-momentum tensor Tb{z) and the worldsheet supcrcurrent Tf{z) are 

a' a' 
-^^'^5^,. + '^P^dpA, (46) 

r^(z) = ^^^^|;^^^X^ + ^^p^^eA. (47) 

As in the bosonic string case, the central charges for these matters can be computed and 
the results are |(-Db — Dp). Therefore, after the superconformal ghosts are included, we 
can determine the critical dimensions as 

Db-Df = 10. (48) 

This implies that the critical dimensions are {Db,Df) — (10, 0), (12, 2), (14, 4), • • • . Also, 
the Laurent expansions for Tg and Tp are 

m=— OO 

Tf{z) - (50) 
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The super Virasoro operators are 



2 / J —n—m~~hfii- 2 
m m 

+ 1 ^ (2r - _ 1 ^ (2r - n)pt,p^„ (51) 

= Y^al'^ijf.r-m + Y.Pr-ml^rnA. (52) 

These operators satisfy the super Virasoro algebra. The zero-point energies for Lq are —\ 
for NS and for R. 

We discuss the physical states in the NS sectors and the R sectors. The ground states 
of open strings in the NS sectors arc tachyons, and the massless states are gauge fields on 
supcrmanifolds. The interesting parts arc the Ramond massless ground states, which are 
written as | Ramond; p, iw) here. The Virasoro constraints are 

= Lo|Ramond;p,w) = Qa^a^o - |/5^/?Ao^ I Ramond; ^),^^;), (53) 
= Go|Ramond;p, w) = (ao'i/'^o + Po /^oa) |Ramond;p, If). (54) 

We may regard these equations as the Klein-Gordon equation and the Dirac equation on 
supcrmanifolds. The zero modes ■^q and Pq of the Ramond sectors satisfy the following 
(anti) commutators; 

{<,^o} = (55) 
[p^,Po^] = iG^^. (56) 

The first anticommutators define the Clifford algebra and also the second commutators 
define the Heisenberg algebra. The spinor representation for the supergroup Osp{1,Db — 
1\Df) is an infinite dimensional representation because it includes the Heisenberg algebra. 
Thus, the Ramond massless ground states are labeled by this infinite dimensional spinor 
representation. Also, there are four sectors in the physical states of closed strings; NS-NS, 
R-R, R-NS and NS-R. 

In order to extract the physical states, the GSO projection needs to be introduced. The 
GSO projection is defined by using the number operators defined below. For the fermionic 
fields ip'^, the fermion number operator F are defined as 

i-ifr = -ri-if- (57) 

We can use this fermion number operator F and the periodicity u to extract the physical 
states for the parts of ip^. Here the tachyonic NS ground states are assigned as (—1)^ = — 1. 
Next the number operator Fp of p^ is defined as 

{-ifpp^ = -p^{-lfp. (58) 
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All states can be labeled by these number operators . For example the tachyonic ground 
states are represented by NS__+. The first label is the eigenvalue of (—1)'^ and the second 

label is the eigenvalue of (—1)'^''. The massless states are written as NS++, NS , R+± and 

R_±. The number operators F and Fp for the right sectors are defined in the same way. 

By using these operators, we can construct the type II string theories on supermanifolds 
as closed string theories. There are two kinds of GSO projections, which are called type 
IIA and type IIB. These projections satisfy the conditions that all pairs of vertex operators 
are mutually local, the operator product expansions are closed and the one loop amplitude 
is modular invariant. Later we will show the modular invariance of the one loop amplitude 
explicitly. In type IIA string theory, the GSO projection is defined by keeping all sectors 
with 

expMF + F,)) = 1, (59) 
exp(z7r(F + F,)) = (-l)^-^^^ (gQ^ 

In type IIB string theory, the GSO projection is defined by keeping all sectors with 

exp(z7r(F + F,)) = 1, (61) 
exp (^i7r(F + Fp)) = 1. (62) 

The massless spectra of type II theory are divided by the four sectors NS-NS, R-R, NS-R 
and R-NS. The NS-NS massless states are a graviton, an antisymmetric two-form field and 
a dilaton on supermanifolds. The NS-R massless states have two space-time indices, which 
are the vector indices from the NS sector and the spinor indices from the R sector for the 
supergroup Osp{l, Db — l\Dp). So the NS-R and R-NS massless states may be considered 
as two gravitini on supermanifolds. The R-R massless states have two spinor indices. If 
we use the matrix representations with two spinor indices for the generators of the Clifford 
algebra and the Heisenberg algebra, the R-R massless states are labeled by the tensors 

C/iiAt2-Mp+iAiA2-Ar> (63) 

which is antisymmetric for the indices of the bosonic coordinates and symmetric for 
the indices Ag of the fermionic coordinates. These are equivalent to {p -\- l|r)-forms on 
supermanifolds. In ^7j, the relation between the superpartners of the fermionic coordinates 
and the superforms is discussed in more detail by use of the picture changing operators. 
Also, the integers p and r are determined by the chiralities and the dimensions. The type 
IIA and the type IIB have different chiralities, and the chirality operator is defined by the 
product of the gamma matrix and the number operator of p^. The number p of bosonic 
coordinates are determined by the property of the spinor representation for the subgroup 
S0{1, Db—1) in]- Therefore, we can see that in the case that is even, in type IIA theory 
{p,r) = (even, even) and (p, r) = (odd, odd), and in type IIB theory (p, r) = (odd, even) 
and {p,r) = (even, odd). Moreover, in the case that is odd, in type IIA theory 

{p,r) = (odd, even) and (p, r) = (even, odd), and in type IIB theory (p, r) = (even, even) 
and (p, r) = (odd, odd). Later, we will use these R-R forms in order to construct D-branes 
on supermanifolds. 
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Also, we can construct the type OA theory and the type OB theory. The type OA theory 
is defined by keeping all sectors with 

V = V, (64) 
exp (27r(F + Fp)) = (-l)^-^^ f^^^^p ^ p^^^ _ (gg) 

Type OB theory is defined by keeping all sectors with 

u = i>, (66) 
exp(z7r(F + Fp)) = exp (^z7r(F + F^)) . (67) 

Moreover, the type I string theory can be defined by projecting type IIB theory by a world- 
sheet parity symmetry fl and adding open string theory with gauge group 50(32). 

Finally, we discuss the modular invariance of the type II string theories on supermanifolds. 
The one-loop vacuum amplitude Zt^ is given by (j30|) . 



Zt, = I ^Zxe{r)Z.^p{r)Z^-,{f). (68) 



The bosonic part Zxe is 



Zxe = .(4vr^a')-^^^ - ^(^^(r))^)-^^-^-^) . (69) 

T2 



The part Z^p{r) of i/j and p is 



1 



Z,M) = -[ZO(r)--^?(r)^-Z?(r)^-ZO(r)^ 

-Zo^(r)^-iZ^(r)^ - Z|(r)^-^Zo^(r)^] . (70) 

Here Z^{t) and Z^i^r) are defined by 

Z^{r) = Tr4(-l)^V^), (71) 

Z|(r) = Tr4(-l)^^''g^'') . (72) 

Here the label a is equal to 1 — 2i/. a = 1 means in the R sector and a = means in the 
NS sector. H^p and Hp are 

= ^ i'^r- n)^i_^^jr + a^, (73) 

Hp = ~Y1 - ^)Pn-rPar + a^, (74) 

where j = 23, ■ ■ ■ , Db — 1 and a = 1, 2, ■ ■ ■ , Dp. The zero point energies and ttp are 

a, = (75) 

V g 24' ^ ' 

(l-2z/)2 1 ^ ^ 

a„ = - + —. 76 

8 24 ^ ^ 
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The part Z'^{t) of ip'^ is completely the same as that of the usual type II superstring on the 
bosonic manifold. 



n(i+( 



q 8 24 



(77) 



m=l 



The part Z^{t) of p is 

Z|(r) = Tr. ((-1)^^''^^'') 



oo oo 



^ ((-i)V-'^''''" 



m=l /u /u _i 

i V TTT, , i V 771, ± 



8 ^24 



N„ 



m=l 

-1 



(7^ 



Here the parts of the ground states in the Ramond sectors are computed by use of the 
following expression; 



(79) 



vn=0 



where the parameter R approaches to 1. After all results are substituted into (jTO)), 



Z^p{t) 



ZO(r)^Z?(r)^-Z?(r)^ZO(r)^ 



-Zo^(r)^Z^(r)^ - Z|(r)^Zo^(r)^ 



Dn-Dp-2 



I3R--Dr-2 



- ^?(r) 
Z|(r 



-Dr-Dp-2 



Similarly we can compute the part Z^-{t 



z^,{f) 



zl{f) 



-Zl{r 



D„-Dt,-2 



zl{f) 

TZ\{j\ 



D„-Dt^-2 



D„-Dt^-2 



^1) 



For the signs of the last term, the negative sign corresponds to the type IIB theory and the 
positive sign corresponds to the type IIA theory. Therefore, we can see that the modular 
parameter dependent parts of these one-loop vacuum amplitudes are completely the same as 
those of the usual type II superstring theories on the flat bosonic manifold if the condition 
(|15|) is satisfied. In conclusion, the type II string theories on supermanifolds with vanishing 
central charges are modular invariant. 
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3.2 Heterotic String Theories on Flat Supermanifolds 

We study heterotic string theories on flat supermanifolds in the same way as 50(32) and 
Eg X Eg heterotic string theories on the flat bosonic manifold. The heterotic string theories 
are constructed by combining the bosonic string theories as the left-moving part and the 
type II string theories as the right-moving part. As discussed before, we have constructed 
many bosonic string theories and type II string theories on different supermanifolds. So 
we can construct many different heterotic string theories. We consider the heterotic string 
theories whose left-handed parts are the bosonic string theories with the dimension [D^, Dp) 
and whose right-handed parts are the RNS string theories with the dimension [D§,Dp). 
In the case that Dp is larger than Dp, the actions for the heterotic string theories on flat 
supermanifolds are 

S = — ! (fz i—dX^dX^ - i-OQ^BQa 
4:71 J \a' a' 

+ X'dX + X'BX' + - tir^dna - ip^dpj^ , (82) 

where A' and A*' are Grassmann odd fields for i = 17, 18, ■ ■ ■ , 2D^ — 20 and = 1, 2, ■ ■ ■ , 16, 
and tt" are Grassmann even fields for a = 1, 2, ■ ■ ■ , 2Dp. The operator product expansions 
and the energy-momentum tensors for these fields are 

X{z)X{0)^—, X {z)X (0) ^ —, (83) 

z z 

A nab 

7r''{z)n\0) ~ (84) 
Tx{z) = -h'dX, Ty{z) = -^X'dX' (85) 

T^{Z) = '-TX'^d'Ka- (86) 

The left- dimension Dj^\D^ and the right-dimension D^\D^ should be chosen so that each 
central charge is zero. 

D^-D^ = 26, 

D^-D'^ = 10. (87) 

Here we concretely consider only the simplest cases that {D§,Dp) = (10,0). In these 
cases, the right-moving massless states are labeled by the vector representation 8^, and the 
spinor representation 8^ for 150(8), where the massless physical states are classified by their 
behavior under the SO (8) rotations as usual 0. The number operators Fa, Fx' and for 
the left-moving fields are introduced in order to define the GSO projection on A*, A*' and 

{-if^X = -X{-if^^ (88) 
(-l)^A'A*' = _A^'(_i)^A', (89) 

(-l)^-7r" = -TT^i-lf-. (90) 
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We take the GSO projection 



exp{t7i{Fx + Fy + F,)) = l. (91) 

This GSO projection satisfies the consistency conditions such as mutual locahty and modular 
invariance. The left-moving massless spectra of this theory are the states labeled by the 
vector representation 8^, and the states for the adjoint representation of Osp{2D^ — 20\2Dp): 

«-i|0)ns, AiiAi,|0)NS 

2 2 

AS7rM0)Ns, 7r%Aii|0)Ns, <x7r'_i\0)^s- (92) 

2 2 2 2 2 2 

The parts with the label i' are the same as those with the label i. Therefore by combining 
right-moving and left-moving parts, we can see that the massless states are related to the 

= 1 supergravity and the = 1 gauge multiplets with the gauge group Osp{2D^ — 
20\2Dp) on the 10 dimensional flat bosonic Minkowski space. 

Moreover, other heterotic string theories on supermanifolds can be constructed. For 
example, the GSO projection 

exp {in{Fx + F^)) = 1, 

exp(z7r(FA0) = l (93) 

is taken to satisfy the consistency conditions similarly. There are four sectors in the physical 
spectra, because (A*,7r") and A*' can have independent boundary conditions, respectively; 

X\w + 27r) ^r] X\w), 
7r"(w-F27r) =?7 7r"(i(;), 

y'{w + 27r) ^7] X''{w). (94) 

Here we use the worldsheet coordinate w = a^+ia^, and the periodicity r] = ±1 and rj = ±1. 
These four sectors are labeled by NS-NS', R-NS', NS-R' and R-R'. The left-moving massless 
spectra of this theory are the NS-NS' parts 

Q;-i|0)ns-ns') A'_i A\ |0)ns-ns'5 A*_i A\ |0)ns-ns'5 

2 2 2 2 

A'.ittN |0)ns-ns', Ti"" 1 A^i |0)ns-ns', tt'^ittN |0)ns-ns', (95) 

2 2 2 2 2 2 

and the R-NS' parts and the NS-R' parts labeled by 

{A^, A^o} = [<,4] -iG^', 

{Xix{}^S'r (96) 

Therefore, the massless spectra are labeled by the sums of the adjoint representations and the 
spinor representations of Osp{2Dj^ — 36|2D|;) and 50(16). In order to see if these massless 
states are the N — 1 gauge multiplets on the 10 dimensional flat bosonic Minkowski space, 
it would also be interesting to check that the sums of the adjoint representations and the 
spinor representations of Osp{2D^ — 36|2D|;) are inflnite dimensional supergroups. 
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4 D-branes on Supermanifolds 

In this section, we study D-branes on supermanifolds as non-perturbative objects in string 
theory. In the case of supermanifolds, we can impose the boundary conditions for the 
fermionic coordinates. So, D-branes on supermanifolds can have more configurations than 
those on bosonic manifolds. Boundary states are constructed to compute the amplitudes in 
the closed string channel. Here we obey the notations in the papers [T^ . 

4.1 D-branes in Bosonic String Theories on Supermanifolds 

We construct D-branes in the bosonic string theory on supermanifolds. The dimensions 
of the supermanifolds are written as Db\Df- The critical dimensions are Db — Dp = 26, 
that is, {Db,Dp) = (26, 0), (28, 2), (30, 4), ■ ■ ■ . In order to construct D-branes, we study the 
boundary conditions on the worldsheet. The Dirichlet condition or the Neumann condition 
for each bosonic direction is imposed on the boundary. But we have to treat the fermionic 
parts G"^ carefully, because the two fields 0"^ and B'^"''^ appear in pairs in the action. The 
same boundary conditions for each pair of fermionic directions need to be imposed, because 
the following conditions should be satisfied on the boundary; 



Therefore we can see that from these boundary conditions, 6Q^ = ^G^"*"^ = or d^jiQ^ = 
dfji<d^~^^ = 0. When we denote the numbers of the directions with the Neumann conditions 
as p + 1 for the bosonic directions and r for the fermionic directions, r has to be an even 
number. We call these D-branes as Dpi^-branes. 

We compute the amplitude F between two parallel D^i^-branes in the open string channel 
and in the closed string channel to determine the tensions of the Dp|r-branes. At first in the 
open string channel, the one loop open string amplitude is 



Here we denote the length of the cylinder as r. The trace is taken over the open string 
physical states and noncompact momenta. The mode expansions of the fields X" and B'^ 
for the NN directions are 



6Q^ a.iG^+i = 0, 
56^+^ d^iO^ = 0. 



(97) 




(98) 



a 




(99) 




(100) 
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The mode expansions of the fields and for the DD directions are 

where is a distance between two parallel Dpi^-branes. In the DD fermionic directions, the 
Dp|r-branes are localized at = 0. The Virasoro generator Lq is 

2 °^ 

Lo = a\k"K - Iw'^Wa) + + y^{a^.nCX^n - tP^jAn) + Lf"'' ■ (103) 

n=l 

The amplitude F can be computed as 



e 

n=l 



J \ J Jo ^ Vn — 1 

/•oo 2 °° / 1 \ Db-Dp-2 



00 



l\m OL 2 ' 2 







lllr-^+i e-*^(/i(e-n)-'\ (104) 



Here A^-*" is defined by 

oo 

= ^(ai„a,„ - if3^^/3An), (105) 

n=l 

where j runs over 2,3, - ■ ■ , Db — I. The function /i is defined as 

oo 

fi{q) = q^^U^l-q'l. (106) 

n=l 

Later, the amplitude ()lU4p in the open string channel will be compared with the amplitude 
in the closed string channel. 

Next the amplitude of the same configuration is computed in the closed string channel. 
We construct the boundary states as 

\B) = ^\Bx)\Be)\B,^ost), (107) 

where Tp^^ is a normalization constant to be fixed. The boundary states for the bosonic 
coordinates are defined by the following conditions; 

d^,X^\^,=o\Bx) = a = 0,---,p, (108) 

XX,=o\Bx) = yX,=o\Bx) i=p+l,--- ,Db-1. (109) 
These conditions can be written by use of the oscillators; 

« + aX)\Bx) = 0, « - aiJlBx) = 0, (110) 
p'^\Bx) = 0, ix'-y')\Bx) = 0. (Ill) 
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Here a matrix S^'^ is defined by 

The conditions ()llUp are rewritten as 

(a;^ + 5^a^„)|Sx) = 0. (113) 
The boundary states satisfying these conditions can be constructed as 



oo 

\Bx) = 5''--^-\x' - y') I He-^"-"^-'^-" j |0)jO)^b" = 0). (114) 
Here |0)q, and |0)5 are defined by 

a^|0)Q, = for n > 0, 

a^|0)5 = for n > 0. (115) 

Next we construct the boundary states for the fermionic coordinates by imposing the fol- 
lowing conditions; 

d.,QX,=o\Be) = Q a = l,---,r, (116) 
ei.,=o|5e) = s = r + !,■■■ ,Df. (117) 

These conditions can be written by use of the oscillators; 

{(5l+~^\)\Be) = Q. (/3:-;31J|5e) = 0, (118) 
u)«|Se) = 0, r|5e) = 0. (119) 

We define = (G"^^ -G^*), and then the conditions (HHl) are rewritten as 

(/?;f + 5^^/3B-n)|50) = O. (120) 

The boundary states satisfying these conditions can be constructed as 

oo 

|5e) = 5^--'-(r) n (e^'^-"^-"'^--") \Q)p\Q)p\w'^ = 0), (121) 

n=l 

where |0)/3 and |0)^ are defined by 

/3;f|0)^ = for n>0, 

(5^\Q)-p = for n > 0. (122) 
The ghost part is the same as usual, 

|S,host) = eS^-(-"^-"-^---") ( ^^"l \q = l)\q = 1), (123) 
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where the state |g = 1) is defined as 

Cnl? = 1) = for n > 1, 

bjq = 1) = for m > 0, (124) 

and the antiholomorphic part \q = 1) is defined in the same way. 

The amphtude F between two parallel D^i^-branes in the closed string channel can be 
computed by use of these boundary states. 

F^{B\D\B), (125) 

where the closed string propagator is defined as 

f f^z'^'^z^^. (126) 

The amplitude is factorized as follows; 

a' r <Pz 

p,r I I* ^ /7zero 'znonzero vzero vnonzero ^107^ 

= 1 — T / vn^x ^© ^© ^Ghost- u^'j 

47r 4 Ji>|^| \zY 
The zero mode part of X*^ is 

= (p=0|5^Mg.)k|^^'5'^-(g.-y.)b = 0) 

= ^(27rV^)-^e-^. (128) 

Here we define d± — Db — i — p, and the parameter t is defined by 

1^1 = e-'^* , c/^z = -TTe-'^'^dtdcj). (129) 

The nonzero mode part of is 

^nonzero ^ „ (0 1 , (0 1 ^ J] 6"^'^^^-^-^^-'"') ^ e"^^^^^^^ 

\m=l / \n=l / 

- n(T3^) . (130) 

n=l ^ 11/ 

where the and N are the number operators. 

oo oo 

N = J2'^-nC^t^n-lJ2(^-mP^rn, (131) 
n=l m=l 

oo oo 

N = (132) 



The zero mode part of is 



n=l m=l 



Dp-r 



{27r^a't)^. (133) 
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The nonzero mode part of 0^ is 

OO CO 

n=l n=l 

OO 

= m^-i^n''"- (134) 



n=l 



ZG^ost = \zr'll{l-\z\'''Y. (135) 

n=l 

iituted into p27p . the amplitude is 

"^0 n=l ^ ^ 

2rrV)-^+^ Trft r^+^ e-^ (/i(e--*))-'' . (136) 



The ghost part is 

n=l 

After these results are substituted into p27p . the amplitude is 

rp2 ■ I 1,00 o °° / 1 \ Db-Df-2 

n=l 

4 2 

Finally we compare the amplitude ()1()4|1 in the open string channel and the amplitude 
in the closed string channel. The well-known identity for the function /i is 

r = ], (137) 
fiie-n = /i(e-T) = v^/i(e--*). (138) 

After using this identity, the amplitude (|lU4p is rewritten by use of the parameter t instead 
of r. 

F = z(8^V)-^+5 / dt t-^+^e-^ {fi{e-')y'' ■ (139) 
Jo 

In conclusion, we can see that the amplitudes in the open and closed string channels are 
completely the same if the tension of Dpi^-brane is defined as 

-Dr-Dp-10 



Tp^r = 2- 4 (27rvV)^-^-2-p+^ (140) 

The NN fermionic directions contribute to the tension as an inverse power of the NN bosonic 
directions. 
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4.2 D-branes in RNS String Theories on Supermanifolds 

Here we consider D-branes in the type II string theories on supermanifolds. We remember 
two facts. One is that the R-R [p + l,r)-forms exist in the type II string theories on 
supermanifolds. In the case that '^•^"^ is even, in type IIA theory (p, r) = (even, even) and 
(p, r) = (odd, odd), and in type IIB theory (p, r) = (odd, even) and (p, r) = (even, odd). 
Also, in the case that is odd, in type IIA theory (p, r) = (odd, even) and {p, r) = 

(even, odd), and in type IIB theory {p,r) = (even, even) and (p, r) = (odd, odd). Moreover, 
the other fact is that r has to be an even number from (|97p. From these facts, we can see that 
in the case that is even, in type IIA theory the R-R forms with {p, r) = (even, even) 

and in type IIB theory the R-R forms with {p, r) = (odd, even) can couple to Dpi^-branes. 
Also, in the case that -^^-^ is odd, in type IIA theory the R-R forms with {p, r) = (odd, even) 
and in type IIB theory the R-R forms with (p, r) = (even, even) can couple to Dpi^-branes. 
Here r = 0, 2,4, ■ ■ ■ , Dp- Now we will check what kinds of configurations satisfy the BPS- 
like conditions. Here we limit the cases that D-branes are static and rigid, although we 
can consider the cases that D-branes are rotated and boosted [13] [IZI- We write the 
Dirichlet-Dirichlet directions as DD, Neumann-Neumann as NN, Neumann-Dirichlet as ND 
and Dirichlet- Neumann as DN, for short. 

In the open string channel, we compute the amplitude between one Dpi^-brane and one 
Dg|f;-brane. The numbers of the DD directions are denoted by DDb for the bosonic co- 
ordinates and DDp for the fermionic coordinates. The numbers of the NN directions are 
denoted by NNb and NNp. The numbers of the ND and DN directions are denoted by ub 
and Up- The boundary conditions for the ND directions are given by 

(141) 
(142) 
(143) 
(144) 

The mode expansions for the ND directions are 





0, 


9.2X^1,1=, = 0, 




0, 


9,26^1,1=, = 0, 




=0) 








1 A2iTU ~A 1 


p 1^1=0 — P Ui= 


=0) 


p |ai=7r - -e p |, 



2 / ^ 



2 



reZ+u reZ+u 

The mode expansions for the DD(NN) directions and those for the ND(DN) directions differ 
in the power of expansions by one half. Also, the zero point energy is changed by ^{t^b — ^f) 
only in the NS sector. By use of these, we compute the amplitude F between one Dp|j,-brane 
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and one Dgi^-brane. 



;°°rfr^ . , r dr ^ ^ 
F = / ^Tr e-^--^" = / — ZxeZ^p 







2r 



(148) 







Here the Virasoro generator Lq is 

+ J] r(^^^^, - zp^.p^,) + Lf (149) 



The index z> means that = \ for the ND(DN) directions and = for the others. The 
part of and G"^ is 



^xe — i\p'KaT) 2 2 e 2^/1 74 



(150) 



The part of ijj^ and is 
1 



[J3 h ~ h OvB-^Ffl - h h ^ 



iT-^'S,,^,,,,] . (151) 



Here we define hb = Db — vb — '^ and pp = Dp — vp- The functions fi for i = 1, 2, 3, 4 are 
defined as 



/l = 11(1 - /2 = gl^ J](l + q^-)^ 

ra=l ra=l 

00 00 

/3 = + ^''^"')' = 11(1 - g2"-i). 

n=l 

After substituting these into ()148j) . the amphtude is 



(152) 
(153) 



n=l 



dr NNg-NN 



T 



B-'^^F y r 
g 27ra' 



X ■ 



-f \ Ms— Mf / X \ l^B—I^F / c 



fl 



f \ f-B—^l-F / £ \ ^B—Vf 

J2\ h 



/l 



fl 



(154) 



Here the last term exists only in the case that ub — i^f = 8, because there are no fermionic 
zero modes in the R{—1)^ sector and this sector contributes ^Hl- The well-known abstruse 
identity is 

f! - f! - f! = 0. (155) 

After using this abstruse identity, we can see that the amplitude F vanishes if — /^f = 0, 4 
and 8. Therefore we find the configurations of two D-branes which satisfy the BPS-like no- 
force conditions. 
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Next we consider the closed string channel. In order to construct the boundary states, 
the following conditions are imposed. 

(ij^ - tvS^'ur) \.2=o\B, v) = 0, (156) 
{p^-tr]S^''pB)l,=o\B,v) = 0. (157) 

Here we introduce the parameter i] = ±1 on the boundary, a2 = 0, and the parameter 
fj = ±1 on the boundary, cr2 = tt. By use of the oscillators, these conditions are rewritten 
as 

(V^^f - ivS^^r-r) \<^2=o\B, v) = 0, (158) 
{pf - ivS^^'pB-r) L=o\B, v) = 0. (159) 
Also the conditions for the ghost parts are 

(7r + 'i'Vl-r) |<72=o|-B, v) = 0, (160) 

'Pr + ^V^-r)\.,=o\B,v) = 0. (161) 



The boundary states can be written as 



B) = T^\Bx)\Be){\B)^s + \Bh)- (162) 



2 

In the NS-NS sector in the (—1, —1) picture, the boundary states are 



oo 

\B^,V) = -^l[{e''^^-^'-^'^-'■)\0), (163) 
-I 

oo 

\Bp,v) = l[[e^''-^''"'^-)\0), (164) 

2 

OO 

l^ghost,??) = l[(^e''''^''-^^-^-('-^^-^-^^\P = -l,P = -l), (165) 



where | P, P) is defined as follows 



-fm\P,P) = for m>P+^, 

^m\P,P) = for m>-P-i. (166) 



Here 7^ and /3m are the oscillators for the superghosts 7 and /3. Also, the conditions for 7 

1 

'2' 2' 



and /? are defined similarly. In the R-R sector in the (— 5, — |) picture, the boundary states 
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are 



r=l 

The parts of the R-R zero modes are 



oo 
r=l 

oo 

r=l 

oo 

|i?ghost,r/) = n(e^''^""^'"^"'"^'"^0'^£°-'^^- ^^^^^ 



= (170) 

= (^ro...r^(l±M^))^_|A)|5), (171) 



r Dp 
2 2 

2a-l-2a T— T „_2s-l-2s 



|5(o),^) = z-ijje^^o JJ e-^^o-^pg=|o)^, (172) 

I^SLt,^) = e^''^o'^o|P=-l F = -^). (173) 
Here the ground state |0)p is defined by 

Pr'|0)p = P^IO), = pg^-i|0), = p^^lO), = 0. (174) 
The 7-matrices of 5*0(1, — 1) are represented as 

r- = ( ° ) . (175) 

r° = ( J V (177) 



■Db-2 



Td^+i = I — ^rT^---r^s-\ (178) 

Here 7* is the 7-matrices of SO{Db — 2), where i = 1, 2, ■ ■ ■ , Db — 2 . The actions of the 
Ramond oscillators and ifjlf on the state are given by 

ro\A)\B) = ^{T^rc{l)%\C)\b), 

i;l^\A)\B) = 4!>^\A)\B) = forr>l. (179) 
It is easy to check that these boundary states satisfy the boundary conditions from ()158|) 
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to ()16H) . The GSO projections for the NS-NS boundary states are given by 



\B) 



NS 



where F, Fp and G are 



I +) I -Bp, +) I i^ghost , +) 

\B^, +)\Bp, +)|Sghost, +) - \B.^, -)\Bp, -)|-Bghost, -) 

oo 

F = ^ i)tm1ppm - 1, 
oo 

Fp = -^Yl P-mPAm, 
oo 



(180) 

(181) 
(182) 
(183) 



and F, Fp and G are defined similarly. The GSO projection for the R-R boundary states 
are given by 



\B) 



R 



\B^j +)\Bp, +)|-Bghost, +) 



\B^, +)\Bp, +)|i?ghost, +) - (-l)^l-B^, -)\Bp, -)|5ghost, -) 



where F, Fp and G are defined by 



-1)^ = z-^V^OV'i...^„^^-i(-l)E-.i^^l™V'.^-i 

Of 

oo 

Fp = ^J^PoPo'' -'J2P-mPAm 

1=1 m=l 

oo 

G = -70/^0 - y^Sl-mPm + P-mlm) 
m=l 



(184) 

(185) 
(186) 

(187) 



and F, Fp and G are defined similarly. Here p is an even number in type IIA and p is an 
odd number in type IIB, when is an even number. Also, p is an odd number in type 

IIA and p is an even number in type IIB, when is an odd number. 

We compute the static interaction between one Dpi^-brane localized at x* = and one 
Dq\f brane localized at = y*. 



F = {B,\D\B.) = ^^^^ 



ZxZe{Z^^ + Zr) 



(1^ 



i>kl 
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The parts of X^^ and are 

DD 2 °° / 1 \ Db-^B / 1 \I^B 

n=l ^ 11/ \ 11/ 

oo 

Zq = (27rVt)^ JJ(1- + (190) 



n=l 

In the NS-NS sector, Zns is 



^NS = ^^r5(i^k^^^|i?)iv. = E E (-1)"^ ^?'(^'^) ^;^'(^'^) ^Ghit(^,^)- (191) 



The part of ip is 



ri=±l f)=±l 



= (0| ( J] e^^^'^'-'^^- I ^^^^ I J] e^'^V'^l.s.^v;.-. I |o) 



oo \ I oo 



\s=2 I \r= 

oo 

|2?1-1\ ^B-!^B 



= 11(1 + ^^1^1'""') "(l-^'^kl'""')'"- (192) 



n=l 



The part of p is 



oo \ / oo 

^;„Ac.S;;„ \ AT _j\T I TT C.S;;, 



^/ 1 Y^-F / I yF 
J; \1 + W l-2P"~V vl-wkP"~V ' 



The ghost part is 



oo / 1 \ - 

zsuv,v) = n (1 - i^rr [ttww^) 



(194) 
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After substituting these parts into ()188p . the NS-NS amphtude is 



A 



NS-NS 



-^x-^e-^Ns 



n=l 



1-e 



1 _ g-(2n-l)7rt 



Db-Df-2-vb+'^f 



1-e 

/■oo 

/ (it t- 
Jo 



-2mTt 



1 + e- 



]^ _|_ g-(2n-l)7rt 



-2mTt 



1 + e- 



-2mTt 



1 

X- 

2 



where the coefficient -ft^ is 

= 



£ \ Ms— / r \ I'B—l^F / f \ fJ-B—f^F / £ \ l^B—I^F 



fl 



f2 



fl 



f2 



— — —{tanjlZTca) 2 2 



(v^) 



VB-J^F 



zfSTT^Q;) 2 + 2 , 



(195) 



(196) 



Next, in the R-R sector, is 



Z^ = \n{B\z^z^\B)n= J2 E l-i-m"^ Z^{v,v) Zf{rtS Z^^^^,{r^,fi). (197) 

»;=±1 J7=±l 



The part of -0 is 



zHiv, v) 



The part of p is 



L2 s 



\Z\ 8 



\s=l 



n 
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The part of the ghost is 



7R 

^ Ghost 



(200) 
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After substituting these parts into ()197p . the R-R amphtude is 
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1 

X- 
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(S(°\f/|S(°),?7). (201) 



Here the part of zero mode is computed by use of the regularization 



{B('^\fl\B('\v) = lim (Sr,r/|x^^|si^r^)(M^^|x^^lS(^r^) (insist, ^l^^^l^ 
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fl 

1\ — 

X 

X 



1\ — 

X -\ 
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gtl 



X 



x^ + rjrj 

= -16 S^fj,i + IQ{-IY 6, 

where < z^b — z/i? < 8. The resuft is 
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After summing up the NS-NS part (|195|) and the R-R part (|203|) . we can see that the total 



28 



amplitude is 



A 



A 
K 



NS-NS + Ar^r 
oo 

dt t~ 



DDn-DDr 







t^B-t^F 



l/B—l^Ffi 



JuB—l^FtS 



Also, these functions fi have the well-known properties 



/i(e- 
/2(e- 



hie--') 
Me--') 



vb-^f 



(204) 



(205) 
(206) 
(207) 



It is easy to see that each term of ()154|1 is related to each term of p04|l from these properties 
of fi. In conclusion, the amplitude in the closed string channel is completely the same as 
that in the open string channel. Thus, we show that there is no net force between two 
D-branes if z/^ — z/i? = 0, 4 and 8. 



5 Conclusion and Discussion 

In this paper, we have discussed bosonic string theories, RNS string theories and heterotic 
string theories on flat supermanifolds. We have shown that the central charges vanish for 
bosonic string theories on supermanifolds and they are modular invariant. Furthermore, 
we have constructed type II, type 0, type I string theories and heterotic string theories 
on supermanifolds. In the RNS string theories on supermanifolds, the fields p"^ have been 
treated as the (3^ superghosts with the weights (^,|). We have shown that the one-loop 
vacuum amplitudes of type II, type I string theories and heterotic string theories are exactly 
zero . This may imply the existence of supersymmetry on supermanifolds. A surprising point 
is that the spinor representation for the supergroup is an infinite dimensional representation. 
It would be interesting to study supersymmetry on supermanifolds more. It would also be 
important to study the field theory on supermanifolds to check anomaly cancellations. It 
would also be interesting to find the relation between supersymmetry on supermanifolds 
and other physical theories such as the noncommutative geometry, which is related to the 
Heisenberg algebra as the commutators of the coordinates. 

Although twistor string theory is non-unitary ,2J, it has given a new important viewpoint 
about the amplitudes of Yang-Mills theory in 4 dimensional space. Similarly in the case of 
the string theories on supermanifolds discussed in this paper, it would also be interesting to 
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study how to restore the unitarity by using the property of string theory such as tachyons 
and orbifolding. Here we naively discuss one possibihty to obtain the relation between the 
bosonic string theories on supermanifolds and well-known unitary theories. In the case of 
bosonic string theories on supermanifolds, the effective field theories on target spaces are the 
Yang-Mills theory and the Einstein gravity theory on supermanifolds. Long time ago, the 
Einstein gravity theory on supermanifolds was studied as a candidate for the supergravity 
theory by Arnowitt and Nath jTn|. Also, they tried to find the relation between the Einstein 
gravity theory on supermanifolds and the well-known supergravity theory. The well-known 
supergravity theory is the gravity theory on superspace. But it is still unclear to understand 
the relation between the gravity theory on a supermanifold and that on a superspace. Here 
we discuss the difference between supermanifolds and superspaces. The group acting on a 
flat supermanifold is the Poincare group whose labels run over both bosonic and fermionic 
coordinates. Also, the group acting on a superspace is the supergroup whose algebra in- 
cludes supersymmetric charges. These groups are actually different from each other, but 
we can see that the Poincare algebra "includes" the supersymmetric algebra after using the 
twisting and the Inonu-Wigner contraction ^Hj. The twisting can be used to convert the 
labels of the fermionic coordinates to the spinor indices in a Minkowski space. If we under- 
stand the relation between supermanifolds and superspaces more clearly, we expect to be 
able to know the relation between string theories on supermanifolds and string theories on 
superspaces. The string theory on superspace is the well-known Green-Schwarz superstring 
theory, which has the k symmetry ^Hj- In the case of the Green-Schwarz superstring the- 
ory, the K symmetry is used to truncate negative norm states. Thus, it would be interesting 
to find the relation between the bosonic string theories on supermanifolds and the Green- 
Schwarz superstring theories clearly in order to restore the unitarity. Also, the development 
of the hybrid and pure spinor formalisms by Berkovits would be important to know how to 
extract the physical unitary theories from these string theories on supermanifolds pUj . 

As mentioned in introduction, it is well-known that the partition functions of the topo- 
logical string theories on bosonic manifolds are equivalent to the topological amplitudes of 
the type II superstring theory. Also, topological string theories on supermanifolds have been 
studied. Therefore, it would be very interesting to check whether the type II string theories 
on supermanifolds are related to topological string theories on supermanifolds. 
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